I. INTRODUCTION

Twistor string theory was proposed by Witten in 2004,
1 triggering the development of new methods for analyzing scattering amplitudes in Yang-Mills theory and gravity theory.
2
In twistor string theory, the tree-level maximally helicity violating (MHV) amplitudes of four-dimensional N = 4 super Yang-Mills theory (SYM) are analyzed by performing a
Fourier transform from momentum space to twistor space. This transform is sometimes called a half-Fourier transform 3 because it is a transform with respect to the spinor variablẽ π α alone in the lightlike momentum vector p αα =π α πα, where α = 0, 1 andα =0,1. It has been shown that a gluon MHV amplitude in twistor space is supported on an algebraic curve of degree one. This amplitude is deduced from the string model whose target space is the twistor space. In general, it is conjectured that an l-loop amplitude with q gluons of negative helicity in twistor space is supported on an algebraic curve of degree d = q − 1 + l. Another example that demonstrates the usefulness of the Fourier transform is representing the nparticle (next-to) k maximally helicity violating (N k MHV) amplitude , i.e., the amplitude with k + 2 negative helicity gluons and n − k − 2 positive helicity gluons, in planar N = 4 SYM as an integral on a Grassmann manifold with the aid of twistors. 4, 5 This makes the symmetries of the N k MHV amplitude, i.e., the cyclic symmetry of the external particles, the superconformal symmetry, and the Yangian symmetry, manifest and also uses the Fourier transform. Furthermore, relativistic particles of various helicities can be analyzed in the same manner in terms of twistor variables with the aid of the Fourier transform.
6
When the spacetime metric signature is (2, 2), i.e., the ultra-hyperbolic spacetime, the spinors πα andπ α of the lightlike momentum vector are real, so the corresponding twistor space is the three-dimensional real projective space RP 3 .
1 Thus, the Fourier transform from momentum to twistor space is the one well known from the standard analysis. However, when the spacetime metric signature is (1, 3), i.e., the complexified Minkowski space CM, the spinor πα is complex and the spinorπ α is its complex conjugate, i.e.,π α =π α , so the corresponding twistor space is the three-dimensional complex projective space CP 3 .
7 Since in this case the Fourier transform is a complex integral with respect to the spinor variablē πα, the definition is different from that in the real number case. Until now, this Fourier transform has been defined as an abstract complex integral, 4, 6 so the functions to which the integral is applied, the concrete integration method, and the explicit result of the integral are all unknown. Investigating these questions will be useful for studying the still-unknown mathematical structures of the scattering amplitudes in N = 4 SYM and that of relativistic particles.
In the present paper, we define the Fourier transform as a complex integral of certain integrable functions in momentum space. We first assume that the momentum-space functions f (π α , πα) can be expanded as a power series inπ α , namely (π 0 )
Then, we define the Fourier transform of f (π α , πα) as a complex integral with respect to the variablesπ α so that it transforms f (π α , πα) to a function of twistor-space coordinate (ω α , πα).
This integral is defined so that (π 0 ) 0 (π 1 ) 0 = 1 is transformed to a complex function that represents the delta function 8 of Sato's hyperfunction. In this definition, the Fourier transform of f (π α , πα) turns out to be the twistor-space functionf (ω α , πα) expanded in terms
Next, we propose an inverse Fourier transform of twistor-space functionsf (ω α , πα) to momentum space. This is defined as the complex integral that transforms a complex function on twistor space that represents the delta function of Sato's hyperfunction to 1. In this definition, the momentum-space function f (π α , πα) is obtained from the inverse Fourier transform of the functionf (ω α , πα), which is the Fourier transform of f (π α , πα). Furthermore, the twistor-space functionf (ω α , πα) is obtained from the Fourier transform of the function f (π α , πα), which is the inverse Fourier transform of f (ω α , πα). In other words, the inverse Fourier transform is precisely the inverse map of the Fourier transform.
From the perspective of theČech cohomology group, the power functions (π 0 ) a (π 1 ) b (a + b = n, n = 0, 1, 2, · · · ) to which the Fourier transform is applied onto form a basis for the zerothČech cohomology group on CP 1 with coefficients in the sheaf O(n) consisting of homogeneous functions of degree n. Furthermore, the power functions (
which are obtained from the Fourier transform of (π 0 ) a (π 1 ) b , form a basis for the firstČech cohomology group on CP 1 with coefficients in the sheaf O(−n−2) consisting of homogeneous functions of degree −n − 2. These cohomology groups are dual to each other by Serre duality. 9, 10 Given this, it can be seen that the Fourier transform is a map from theČech cohomology group to its dual space and, as a result, the momentum-space functions to which the Fourier transform is applied onto are direct sums of the tensor product of the two zerotȟ Cech cohomology groups. Furthermore, it can also be seen that the twistor-space functions obtained from the Fourier transform are direct sums of the tensor product of the zeroth and firstČech cohomology groups.
In the canonical quantization procedure in twistor theory, the variables ω α andπ α are replaced by their corresponding operators. [11] [12] [13] As in standard quantum mechanics, one of these operator types is represented as a multiplication operator, and the other as a partial differential operator. We show that such operator representations are also valid for the Fourier transform and its inverse. Furthermore, we identify the functions over which the application of these operators is closed.
This paper is organized as follows. In Sec. II, we define a Fourier transform from momentum space to twistor space and its inverse transform. In Sec. III, we describe the functions to which the (inverse) Fourier transform is applied onto in terms ofČech cohomology groups.
In Sec. IV, we show that the well-known operator representations from the twistor theory literature are also valid for the (inverse) Fourier transform. Finally, Sec. V is devoted to a summary of our work and discussion. Appendix A provides a review of Serre duality for the zeroth and firstČech cohomology groups.
II. DEFINITION OF THE FOURIER TRANSFORM
A. The Fourier transform
In terms of Sato's hyperfunction, the Dirac delta function can be expressed as
This is the boundary value of the complex function
on the real axis. 8 Equation (1) has the characteristics of a delta function, as can be seen if we multiply the analytic function ϕ(x) by Eq. (2) and integrate over an interval [a, b] containing the origin:
where γ is the path that passes through the end points of the interval [a, b] and surrounds the origin.
The delta function of two variables can be defined as a product of single-variable delta
where σ = (σ 1 , σ 2 ), σ 1 , σ 2 = ±1, and sgnσ = σ 1 σ 2 . By defining the σ quadrant as
each term in Eq. (4) can be interpreted as the boundary value of the two-variable complex 1) , and R 2 + iΓ (−1,−1) .
In the four-dimensional Minkowski space M with signature (1, 3), a future-pointing null momentum vector is represented as p αα =π α πα in terms of the SL(2,C) spinor πα (α = 0,1) and its complex conjugateπ α (α = 0, 1). 7,14 Thus, we denote the momentum-space coordinates by (π α , πα). By contracting the spinor πα with the coordinates (x αα ) of M, we can define a new spinor ω α = ix αα πα. The space defined by the coordinates (ω α , πα) is called the twistor space.
14 In this section, we focus on momentum-space functions, which have the power series expansion
Here, C ab (π˙0, π˙1) denotes a holomorphic function of the spinor πα. In order to transform such functions f (π α , πα) into twistor space, we define the Fourier transform from the power
, is a complex function similar to Eq. (6) that represents the delta function:
Here, when we take σ = (1, 1), the integral in Eq. (8) represents an improper integral from −∞ to 0 on the imaginary axis for the variablesπ 0 andπ 1 :
This can be seen to be uniformly convergent on (ω 0 , ω 1 ) ∈ R 2 + iΓ (1, 1) . For all other σ, the meaning of the integral sign in Eq. (8) is the same, and the integral is unformly convergent
By this definition, the Fourier transform of the power series term
When σ = (1, 1), the integral in Eq. (10) can be calculated in the same way as for Eq. (9), i.e.,
has been used. For all other σ, it can be seen that the integral in Eq. (10) is also uniformly convergent on (ω 0 , ω 1 ) ∈ R 2 + iΓ σ . Thus, by virtue of Eqs. (7) and (10), the Fourier transform of the momentum-space function f (π α , πα) is
By using the analytic continuation method, the {(ω 0 , ω 1 )} region can be extended from
Hereafter, we consider the {(ω 0 , ω 1 )} region in Eq. (13) to be C * × C * .
B. The inverse Fourier transform
Now, we consider the inverse Fourier transform from twistor space to momentum space.
In this section, we focus on twistor-space functionsf (ω α , πα) that can be expanded in terms of the power series terms (
Here, D ab (π˙0, π˙1) is a holomorphic function of π˙0 and π˙1. In order to define the inverse Fourier transform off (ω α , πα), we first demand that it transforms the complex function, similar to Eq. (6), that gives the delta function
to 1. In other words, we demand that the inverse Fourier transform of 1/(ω 0 ω 1 ),
is (−2πi) 2 sgnσ because of (sgnσ) 2 = 1:
∞ on the real axis for the variables ω 0 and ω
Here, the integration formula
and the gamma function formula
have been used, and γ is the Euler-Mascheroni constant. By this definition, the inverse Fourier transform of the power series term (
For σ = (1, 1), the integral in Eq. (20) can be calculated in the same way as for Eq. (17), i.e.,
Here, we have used the integration formula in Eq. (18) and the gamma function formula
where
For all other σ, it can be seen that the integral in Eq. (20) is also uniformly convergent on (π 0 ,π 1 ) ∈ −Γ σ + iR 2 . Thus, by virtue of Eqs. (14) and (20), the inverse Fourier transform of the twistor-space functioñ
By using the analytic continuation method, the {(π 0 ,π 1 )} region can be extended from
Hereafter, we consider the {(π 0 ,π 1 )} region in Eq. (23) to be C 2 .
From Eqs. (10) and (20), we have
From Eqs. (13), (23), (24) and (25), we can show that
This proves that Eq. (23) is precisely the inverse transform of the Fourier transform in Eq.
(13).
III. COHOMOLOGICAL INTERPRETATION
We now consider the one-dimensional complex projective space CP 1 covered by the two open sets
Let O(n) (n ∈ Z) be the sheaf of germs of homogeneous holomorphic functions on CP 1 of degree n. Then, the zerothČech cohomology group on CP 1 with coefficients in the sheaf O(n) can be represented as
This vanishes for negative integers n, i.e.,
When CP 1 is covered by the open sets
the firstČech cohomology group on CP 1 with coefficients in the sheaf O(−n − 2) can be represented as
This also vanishes for negative integers n, i.e.,
The elements of H 1 (CP 1 , O(−n − 2)) are equivalent to elements with extra homogeneous holpmorphic functions on U ′ i (i = 0, 1) of degree (−n − 2):
In general, the cohomology group depends on the choice of open cover. However, Eqs. (27) and ( 
This is precisely the basis
Eq. (20), the inverse Fourier transform of (ω 0 ) −r (ω 1 ) −n−2+r in Eq. (34) is
In addition, if we take the inverse Fourier transform of a homogeneous holomorphic function
we obtain 0 because the gamma function in the denominator diverges:
Thus, the inverse Fourier transform gives the same result for the
−n−2+r equivalence class using the equivalence relation in Eq. (33). In other words, the inverse Fourier transform of the basis
. As a result, we see that the inverse Fourier transform is an isomorphism from
, and the Fourier transform is an isomorphism from
Due to the Serre duality 9,10 of the cohomology groups,
. That is to say, by performing the change of variables (π 0 ,π 1 ) →
, we can define the inner product 
Because Eq. (37) is a Leray cover, the firstČech cohomology group on PT − L with coefficients in the sheaf O(m) (m ∈ Z) can be represented as
Here, A jk (π˙0, π˙1) denotes the homogeneous holomorphic function on L of degree (j + k + m):
, so the sum in Eq. (38) is taken for j > 0 and k > 0 that satisfies (38) is precisely the twistor-space functions to which the inverse Fourier transform is applied onto. In the twistor theory literature, the elements of Eq. (38) are referred to as elementary states 18, 19 and are used in the calculation of twistor diagrams.
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In addition, if we take the Penrose transform of the elements of Eq. (38), we obtain massless fields of helicity (−m/2 − 1) defined on a CM region from which the light cone situated at the origin has been removed.
18,20
Now, we consider subsets of the basis of Eq. (38) that satisfy the conditions j + k = n + 2 (n = 0, 1, 2, · · · ). From Eq. (38), it can be seen that the elements of these subsets are
Therefore, it can be seen from Eqs. (38) and (39) that
Because the inverse Fourier transform is an isomorphism from
This is precisely the momentum-space functions to which the Fourier transform is applied onto.
IV. TWISTOR OPERATOR REPRESENTATIONS
In the quantization procedure in twistor theory, the variables ω α andπ α become the operatorsω α andπ α satisfying the commutation relations
By analogy with standard quantum mechanics, in the representation that diagonalizesπ α , these operators are represented asπ
Here, the symbol . = stands for "is represented by." In addition, in the representation that
(41) and their Fourier transforms F [f (π α , πα)] =f (ω α , πα):
In Sections IV A and IV B, we further investigate these correspondence relations, and in Section IV C, we examine the functions over which the operatorsω α andπ α are closed.
A. The Fourier transform of the operators
For the basis
, it can be seen from Eq. (10) that
Hence, we have
It can also be seen from Eq. (10) that
When r = 1, Eq. (51) becomes
This Eq. (52) is equivalent to 0 as the element of H 1 (CP 1 , O(−n − 1)). Hence, we have
Hence, for the elements f (π α , πα) of Eq. (41), we can show that
Thus, we see that the correspondence relations in Eqs. (45) and (46) are satisfied by the Fourier transform.
B. The inverse Fourier transform of the operators
Now, for the basis
Eq. (20) that
Also, it is seen from Eq. (20) that
Hence, for the elementsf (ω α , πα) of Eq. (38), we can show that
Thus, we can see that the correspondence relations in Eqs. (45) and (46) are satisfied by the inverse Fourier transform.
C. Applying the operators
First, applying the multiplication operatorsπ α . =π α to the basis
Thus, for n = 0, 1, 2, · · · , we havē
In addition, applying the partial differential operatorω 0 . = ∂/∂π 0 gives
When r = 1, the result is 0, and the same is true for the partial differential operator
Thus, for n = 0, we have
and, for n = 1, 2, 3, · · · , we have
Thus, we can see that the application of the operatorsπ α . =π α andω α . = ∂/∂π α is closed on the momentum-space functions
Next, applying the partial differential operatorsπ
Thus, for n = 0, 1, 2, · · · , we have
In addition, applying the multiplication operatorω 0 . = ω 0 gives
When r = 1, we have (ω 1 ) −n−1 . This is equivalent to 0 as the element of
The same is true for the multiplication operatorω 1 . = ω 1 , so, for n = 0, we have
Thus, we can see that the application of the operatorsπ
on the twistor-space functions
by considering Eq. (40).
V. SUMMARY AND DISCUSSION
We have defined a Fourier transform from momentum space to twistor space, as well as its inverse transform. Here, the momentum-space coordinates are defined by the SL(2, C) spinor (πα)α =0,1 and its complex conjugate (π α ) α=0,1 , and the twistor-space coordinates are defined by the SL(2, C) spinors (ω α ) α=0,1 and (πα)α =0,1 . First, we assumed that the momentumspace functions f (π α , πα) could be expanded in terms of the power series terms (π 0 ) 
It should be emphasized that this Fourier transform is an isomorphism from
, and that the inverse transform is an isomorphism
, from aČech cohomology group perspective.
In particular, owing to the Serre duality of the cohomology groups, the mapping consisting of the inverse Fourier transform and the change of variables
. Then, we demonstrated that the momentum-space functions to which the Fourier transform is applied onto are
and that the twistor-space functions to which the inverse Fourier transform is applied onto are
) are what we call elementary states in the twistor theory literature.
We also showed that the representations of the operatorsπ α andω α that are popular in the twistor theory literature are valid for the Fourier transform and its inverse transform.
In addition, the application of these operators is closed on the momentum-space functions Using this Fourier transform, we will investigate the currently unknown mathematical structures of the scattering amplitudes in N = 4 SYM in future work.
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Appendix A: Serre duality
Let U 0 and U 1 be the open cover of the one-dimensional complex projective space CP 1 :
Also, let O(n) (n ∈ Z) be the sheaf of germs of homogeneous holomorphic functions on CP 1 of degree n. Then, the zerothČech cohomology group on CP 1 with coefficients in the sheaf O(n) can be represented as
a r (ω 0 ) r−1 (ω 1 ) n+1−r a r ∈ C , n = 0, 1, 2, · · · .
This vanishes for negative integers n = −1, −2, −3, · · · . In addition, the firstČech cohomology group on CP 1 with coefficients in the sheaf O(−n − 2) can be represented as
a r (ω 0 ) r (ω 1 ) n+2−r a r ∈ C , n = 0, 1, 2, · · · .
This also vanishes for negative integers n = −1, −2, −3, · · · . When n = 0, 1, 2, · · · , theČech cohomology groups in Eqs. (A2) and (A3) are both isomorphic to C n+1 . However, they are not the same, instead they are dual spaces of each other. The reason for this can be seen from the fact that we can define the inner products for the basis {f r = (ω 0 ) r−1 (ω 1 ) n+1−r } n+1 r=1
of H 0 (CP 1 , O(n)) and the basis {g r = (ω 0 ) −r (ω 1 ) −n−2+r } 
Here, C denotes a closed contour on CP 1 . This inner product is defined for representatives of H 1 (CP 1 , O(−n − 2)). In other words, for functions (ω 1 ) t /(ω 0 ) n+2+t , (ω 0 ) t /(ω 1 ) n+2+t (t = 0, 1, 2, · · · ) in g r 's equivalence class, the inner product turns out to be 0:
As a result, the inner product shows that f r uniquely corresponds to g r . Thus, we see that
where H 1 (CP 1 , O(−n − 2)) * denotes the dual space of H 1 (CP 1 , O(−n − 2)). Equation (A6) is a particular instance of Serre duality. 
